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Abstract

The purpose of this document is to describe how to “complete
the square”—a common method for factoring quadratic equations.
It also provides several worked equations to serve as examples.

1 Quadratic Equations

Quadratic equations are equations of the form az? + bz 4 ¢ = 0.
The simplest quadratic equation to solve is the type where both sides

are a perfect square, because you can solve them by taking the square root
of both sides:
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Note: Because we are taking the square root of a constant, we must
include both the positive and negative values of the square root, hence +3.
In story problems, the situation may mean that we can safely ignore one of
these values.

Factorable equations The other type of quadratic equation is one that
can easily be solved by factoring. For example,



Completing

22— —-6=0

(@—3)(x+2)=0 @)

Because any number times zero is equal to zero, we can conclude that
either © — 3 or  + 2 (or both) are equal to zero. In the first case:

z — 30
3
3 (3)
and in the second case:
r+2=0
_ (4)
r= -2

Using either of these values for z in equation 2 will result in one of the
factors being equal to zero, meaning both sides of the equation will be zero.

2 The Quadratic Equation

For equations that are not easily factored, a general solution called “the
quadratic equation” can be used to solve any quadratic.

For any equation of the form ax®+bx 4+ ¢ = 0, the solution can be found
by using:

—b+ Vb? —4dac
T Q

In reality, the quadratic equation is a generalized form of the solving
technique called “completing the square”. Using the quadratic equation
is generally much easier (it can be programmed into some calculators and
spreadsheets, for instance), but completing the square is used in certain
calculus problems and for graphing some functions.

3 Completing the Square

The general procedure for completing the square is to first make both sides
of the equation into a perfect square, and then solving it as we did in 1.
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This is not a difficult process, but most students tend to get stuck on the
first step—making the equation into a perfect square.
Here is the general procedure:

1. If the value for a is not 1, divide both sides of the equation by a. (We
want the 22 term to be by itself.)

2. Move the constant term to the right side of the equation.
3. Divide b by 2, square it, and add it to both sides of equation.
4. Write the left side as a perfect square.

5. Take the square root of both sides.

Note: Our goal is to make the left side of the equation into a square.
However, the right side will often not be a perfect square, as in 1. This
means that we will have a ,/~ sign in our solution.

3.1 Example #1

For our first example, we’ll use an equation in which a is already 1, so we
can skip the first step. Our equation is

22 +4x+1=0

The second step is the move the constant term to the right side of the
equation by subtracting 1 from both sides:

22 44z = —1

Our value for bis 4. 4 +2 = 2 and 22 = 4, so we will add 4 to both
sides of the equation (step three):

22 +4x =3

The left side is now a perfect square. Because 22 + 4z = (z + 2)? we
can rewrite it as a perfect square (step four):

(x+2)*=3

All that is left to do is to take the square root of both sides (step five):

Vie+2)?2=+V3




which gives us
r+2=+V3

and then solve for x:
r=4V3-2

Conventionally, we would write this as z = =2 + /3 or z = —2 — /3.

Here is the entire sequence all together:

2 44r+1=0
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2?4+ 4x =3
(x+2)2=3
(r+2)2=+V3
r+2==+V3
r=-2+V3




